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Abstract 

We consider a two-type contact process on Z in which both types have equal finite 
range and supercritical infection rate. We show that a given type becomes extinct with 
probability 1 if and only if, in the initial configuration, it is confined to a finite interval 
[—L, L] and the other type occupies infinitely many sites both in (— oo, L) and {L, oo). We 
also show that, starting from the configuration in which all sites in (— oo, 0] are occupied 
by type 1 particles and all sites in (0,oo) are occupied by type 2 particles, the process pt 
defined by the size of the interface area between the two types at time t is tight. 
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1 Introduction 



The contact process on TL is the spm system with generator 

^^/(C) = Y.^f{n - /(C)) c(x, C); C e {0, i}^ 

X 

where 

C(y) = C(y)ifx^y; 1 if C(x) = 1; 

e(x) = i-C(x); '^'^'''^ I AE,C(y)-p(y-x) ifC(x) = 0; 

for A > and p(-) a probabihty kernel. We take p to be symmetric and to have finite range 
R = max{x : p{x) > 0}. 

The contact process is usually taken as a model for the spread of an infection; configuration 
C G {0, 1}^ is the state in which an infection is present at x S Z if and only if C(x) = 1. 
With this in mind, the dynamics may be interpreted as follows: each infected site waits an 
exponential time of parameter 1, after which it heals, and additionally each infected site waits 
an exponential time of parameter A, after which it chooses, according to the kernel p, some 
other site to which the infection is transmitted if not already present. 

We refer the reader to [13] for a complete account of the contact process. Here we mention 
only the most fundamental fact. Let C. and be the configurations identically equal to 1 
and 0, respectively, Pa the probability measure under which the process has rate A and Ct 
the configuration at time t, started from the configuration where only the origin is infected. 
There exists Ac, depending on p, such that 

• if A < Ac, then Pa(C? ^ Vt) = and 5^S{t) 6o; 

• if A > Ac, then PA(Ct' 7^ Vt) > and d^S{t) converges, as t — )• oo, to some non-trivial 
invariant measure. 

Again, see [13] for the proof. Throughout this paper, we fix A > Ac. 

The multitype contact process was introduced in [13] as a modification of the above system. 
Here we consider a two-type contact process, defined as the particle system {i,t)t>o with state 
space {0, 1, 2}^ and generator 

A/(e)= E (/r'°)-/(0)+ 

x:^ix)^0 

E [(/(r'')-/(e))ci(x,o + (/r'')-/(e))c2(x,e)]; ^g{o,i,2}^ 



x:^{x)=0 



where 



r e^Hjj) = ay) if ^ ^ c.(x, o = a May)=^} ■ Piy - x), 

i = 0,l,2; 1 = 1,2. 

(1 denotes indicator function). 

This is thought of as a model for competition of two biological species. Each site in Z 
corresponds to a region of space, which can be either empty or occupied by an individual of 
one of the two species. Occupied regions get empty at rate 1, meaning natural death of the 
occupant, and empty regions get occupied by a rate that depends on the number of individuals 
of each species living in neighboring sites, and this means a new birth. The important point 
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is that occupancy is strong in the sense that, if a site has an individual of, say, type 1, the 
only way it will later contain an individual of type 2 is if the current individual dies and a 
new birth occurs originated from a type 2 individual. 

Let us point out some properties of the above dynamics. First, it is symmetric for the two 
species: both die and give birth following the same rules and restrictions. Second, if only one 
of the two species is present in the initial configuration, then the process evolves exactly like in 
the one-type contact process. Third, if we only distinguish occupied sites from non-occupied 
ones, thus ignoring which of the two types is present at each site, again we see the evolution 
of the one-type contact process. 

The first question we address is: for which initial configurations a given type (say, type 1) 
becomes extinct with probability one? By extinction we mean: for some time to (and hence 
all t>tQ), ^to(^) / 1 ^- We prove 

Theorem 1.1 Assume at least one site is occupied by a 1 in ^q. The 1 's become extinct with 
probability one if and only if there exists L > such that 
i-) Co{x) 7^ 1 Vx ^ [—L,L] and 

a.) #{x G (-00, -L] : Co{x) = 2} = #{x G [L, oo) : ^0(2^) = 2} = 00 

(7^ denotes cardinality). This result is a generalization of Theorem 1.1. in [Ij, which is the 
exact same statement in the nearest neighbour context (i.e., p(l) = p{—l) = 1/2). Althought 
there are some points in common between our proof and the one in that work, our general 
approach is completely different. 

Now assume that the range R> 1. Define the "heaviside" configuration as = l(_oo,o] + 
2 • l(o,oo) and denote by the two- type contact process with initial condition ^0 = C^- Define 

rt = snp{x : ^t{x) = 1} , = inf{x : ^t(x) = 2}, = n - k- 

We have po = —1, and at a given time t both events {pt > 0} and {pt < 0} have positive 
probability. If pt > 0, we call the interval [lt,rt] the interface area. The question we want 
to ask is: if t is large, is it reasonable to expect a large interface? We answer this question 
negatively. 

Theorem 1.2 The law of {pt)t>o is tight; that is, for any e > 0, there exists L > such that 
F{\pt\ > L) < e for every t>0. 

There are several works concerning interface tightness in one-dimensional particle systems, 
the first of which is [5], where interface tightness is established for the voter model. Others 
are [3], 0], [TT] and [2]. 

In [2], it is shown that interface tightness also occurs on another variant of the contact 
process, namely the grass-bushes-trees model considered in |8], with both species having same 
infection rate and non-nearest neighbor interaction. The difference between the grass-bushes- 
trees model and the multitype contact process considered here is that, in the former, one 
of the two species, say the I's, is privileged in the sense that it is allowed to invade sites 
occupied by the 2's. For this reason, from the point of view of the I's, the presence of the 
2's is irrelevant. It is thus possible to restrict attention to the evolution of the I's, and it is 
shown that they form barriers that prevent entrance from outside; with this at hand, interface 
tightness is guaranteed irregardless of the evolution of the 2's. Here, however, we do not have 
this advantage, since we cannot study the evolution of any of the species while ignoring the 
other. 
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Our results depend on a careful examination of the temporal dual process; that is, rather 
than moving forward in time and following the descendancy of individuals, we move backwards 
in time and trace ancestries. The dual of the multitype contact process was first studied by 
Neuhauser in [IB] and may be briefly described as follows. Each site x G Z at (primal) time s 
has a random (and possibly empty) ancestor sequence, which is a list of sites y S Z such that 
an infection could potentially be transmitted from (y, 0) to (x, s). The ancestors on the list are 
ranked in decreasing order; the idea is that if the first ancestor is not occupied in ^o, then we 
look at the second, and so on, until we find the first on the list that is occupied in ^q, and take 
its type as the one passed to x. We denote this sequence {Vi s'V2s^ • • •)• By moving in time 
in the opposite sense as that of the original process and using the graphical representation 
of the contact process for "negative" primal times, we can define the ancestry process of x, 
((ryf ^,r/2f, • • •))t>o- The process given by the first element of the sequence, (??i t)t>0) is called 
the first ancestor process. We point out three key properties of the ancestry process: 

• First ancestors behave as random walks. In [T5] it is proven that, on the event 
that a site x has a nonempty ancestry at all times t > 0, we can define an increasing 
sequence of random renewal times (r^)n>o with the property that the space-time incre- 
ments {r]f .^x^^ — ' ''"n+i ~ '^n) ^re independent and identically distributed. This fact 
enormously simplifies the study of the first ancestor process, which is not markovian 
and at first seems very complicated. 

• Ancestries coalesce. If we are to use the dual process to obtain information about 
the joint distribution of the states at sites x and y at a given time, we must study 
the joint behavior of two ancestry processes, specially of two first ancestor processes. 
The intuitive picture is that this behavior resembles that of two random walks that are 
independent until they meet, at which time they coalesce. We give a new approach to 
formalize this notion, one that we believe provides a clear understanding of the picture 
and allows for detailed results. 

In order to follow two first ancestor processes simultaneously, we define joint renewals 
(Tn'^)n>o and argue that the law of the processes after a joint renewal only depends 
on their initial difference at the instant of the renewal. Thus, the discrete-time process 
defined by the difference between the two processes at the instants of renewals is a 
Markov chain on Z. For this chain, zero is an absorbing state and corresponds to 
coalescence of first ancestors. We also show that, far from the origin, the transition 
probabilities of the chain become close to a symmetric measure on Z, and from this fact 
we are able to show that the tail of the distribution of the hitting time of for the chain 
looks like the one associated to a simple random walk on Z. From this construction and 
estimate we also bound the expected distance between ancestors at a given time. 

• Ancestries become sparse with time. Consider the system of coalescing random 
walks in which each site of Z starts with one particle at time 0. The density of occupied 
sites at time t, which is equal to the probability of the origin being occupied, tends to 
as t — )> oo. We prove a similar result for our ancestry sequences. Fix a truncation 
level N and, at dual time t, mark the first ancestors of each site at dual time (this 
gives the set {ij^t : 1 < n < N,x G 7^ : the ancestry of x reaches time t}). We show 
that the density of this random set tends to as t — t- oo, and estimate the speed of this 
convergence depending on A^. 
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From this last fact, we can immediately prove Theorem 11.11 under the stronger hypothesis 
that all sites outside [—L,L] are occupied by 2's in ^o- To obtain the general case, we then 
use a structure called a descendancy harrier, whose existence was established in [2] . 

The proof of Theorem 11.21 is more intricate. It follows the main steps of the argument in 
[5] for the voter model. Starting from say that sites x < y form a k-inversion at (primal) 
time t if y — X = k, Ct{x) = 2 and Ctiu) = 1- Using the coalescence properties described 
above, it is shown that the expected number of fc-inversions at time t is uniformly bounded 
in k and t. A consequence is that, if instead of looking at the whole configuration we only 
look at its restriction to a sparse subset i? C Z, it is unlikely (uniformly in t) that we find 
any inversion at all. Next, given < s < t, consider the random set R(s,t) of sites that are 
occupied in and that survive up to time t (that is, x G R{s, t) if there exists an "infection 
path" starting at some site at time 0, passing through {x, s) and reaching time t such that 
every jump in this path lands on an unoccupied site). We show that, if t — s is large, then the 
density of R{s,t) is small, and this is uniform in t. Putting these facts together, we conclude 
that, for < s < t appropriately chosen, with large probability no inversion is present in the 
restriction of to R{s, t). This means that the inversions that are present in are formed in 
the final time interval [t — s,t]. Fixing large s and changing t, we get tightness of the number 
of inversions, and it is then straightforward to establish tightness of the interface size. 

We believe that our results and general approach may prove useful in other questions 
concerning the multitype contact process, in particular those that relate to properties of 
trajectories, of which not much is known. 

The author would like to thank Thomas Mountford for all his help and the colleagues and 
friends Augusto Teixeira, Johel Beltran and Renato Santos for helpful ideas and encourage- 
ment. 

2 Ancestry process 

We will start describing the familiar construction of the one-type contact process from its 
graphical representation. We will then show how the same representation can be used to 
construct the multitype contact process, present the definition of the ancestry process together 
with some facts from [15], and finally prove a simple lemma. 

Suppose given a collection of independent Poisson processes on [0, oo): 

(L>"),ez of rate 1, (iV^"'^)),,^^^ of rate X ■ p{y - x). 

A Harris construction H is a realization of all such processes. H can thus be understood as a 
point measure on (ZUZ^) x [0, oo). Sometimes we abuse notation and denote the collection 
of processes itself by H. Given {x,t) G Z x [0,cx)), let 6{x,t){H) be the Harris construction 
obtained by shifting H so that (x, t) becomes the space-time origin. By translation invariance 
of the space-time construction, 6(x, t){H) and H have the same distribution. We will also write 
i?[o,t] to denote the restriction of to Z x [0, t], and refer to such restrictions as finite-time 
Harris constructions. 

Given a Harris construction H and (x, s), (y, t) G Z x [0, oo) with s < t, we write (x, s) -f-T- 
{y,t) (in H) if there exists a piecewise constant, right-continuous function 7 : — ?■ Z such 
that 

• 7(s) = a;, = y; 

• 7(r) ^ 7(r-) if and only if r G iV('^('^-)''^W) ; 
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• $s<r<t with r E Z)t('^). 

One such function 7 is called a path determined by H. The points in the processes {D^} are 
usually called death marks, and the points in {A^(^'f)} are called arrows. Thus, a path can be 
thought of as a line going up from (x, s) to (y, t) following the arrows and not crossing any 
death marks. 

Given A C "Z, {x,t) G Z x [0, 00) and a Harris construction H, put 

{For some i/tzA,(i/,0)-f->-(a;,t) in H}' 

Under the law of H, (Ct^) has the distribution of the contact process with parameter A, kernel 
p and initial state Ila', see [6j for details. From now on, we omit dependency on the Harris 
construction and write (for instance) (t instead of Ct{H). 

Before going into the multitype contact process, we list some properties of the one-type 
contact process that will be very useful. Fix (x, s) G Z x [0, 00) and t > s. Define the time of 
death and maximal distance traveled until time t for an infection that starts at (x, s), 

f(x,s) ^ -^fi^/ y s -.^y: {x,s) ^ {y, s'), 

Mj^''^^ _ gup{|y _ x\ : (x, s) O (y, s') for some s' G [s, t]} 

(these only depend on H and are thus well-defined irregardless of Cs(x)). When s = 0, we omit 
it and write T^, Mf . If A C Z, we also define f ^ = inf{t > : ^ x E A, y G Z : (x, 0) o (y, t)}. 
We start mentioning that m[^'^'' is stochastically dominated by a sum of Poisson random 
variables, so there exist n,c,C > such that 

P(Mf > Kt) < Ce""^ Vx e Z, t > 0. (2.1) 

Next, since we are taking A > Ac, we have P(T^ = 00) = F(T^ = 00) > for all x, and 

P(f ^ = fy = (x,)> P(f ° = oo)2 > 0, Vx, y£Z. (2.2) 

This follows from the self-duality of the contact process and the fact that its upper invariant 
measure has positive correlations; see [12]. Our last property is that there exist c, C > such 
that, for any ^ C Z and t > 0, 

P(t < < 00) < Ce-"^. (2.3) 

For the case R = 1, this is Theorem 2.30 in [13]. The proof uses a comparison with oriented 
percolation and can be easily adapted to the case R > 1. 

To obtain the graphical representation for the multitype contact process, we have to pro- 
ceed as above but ignore the arrows whose endpoints are already occupied. This was first 
done in [15]; there, an algorithmic procedure is provided to find the state of each site at 
a given time. Here we provide an approach that is formally different but amounts to the 
same. Fix (x,t) G Z x [0,oo), a Harris construction H and ^0 S {0,1,2}^. Let P be the 
set of paths 7 that connect points of Z x {0} to (x,t) in H. Assume that #P < 00; this 
happens with probability one if H is sampled from the processes described above. For the 
moment, also assume that P 7^ 0. Given 7,7' G P, let us write 7 -< 7' if there exists 
s G (0, t) such that 7(5) = j'{s) Vs G [s,t] and 7(5) / "yis—),^'{s) = 7'(s— ). From the 
fact that these paths are all piecewise constant, have finitely many jumps and the same end- 
point, we deduce that -< is a total order on P. We can then find 7q, the maximal path in 
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r. Now define Fi = {7 S F : 7(0) 7^ 7o(0)} and 'jI as the maximal path in Fi. Then define 
F2 = {7 G Fi : 7(0) / 7i*(0)}, and so on, until Fjv = 0. For < n < N, denote 7]^^ = 7^(0), 
and for n > N put r)^ ^ = A. We claim that 

Vn < N,ys such that Ynis-) + l*n{s), we have {n^^s), s) i (2.4) 

(Here C- continues to denote the one- type contact process defined from H). In words, each 
jump of 7* lands on a space-time point that cannot be reached by paths coming from 
^n+i,i' • • • ' ^JV-i t'^is were not the case, we could obtain m < n, s £ [0,t] and 7 with 
7(0) = 57^ J and 7m('5— ) 7^ Imi^) — li^)- But we could then construct a path 7' coinciding 
with 7 on [0,s] and with 7^ on and 7' would contradict the maximality that defined 

If ^o(^n<) = n < N, put ^t(x) = 0. Otherwise, if A; = min{n : '^o('?nt) 7^ 0}' 

put ^t(x) = ^o(^fci)- In this second case, using ()2.4p . we see that there is a path connecting 
(77^^, 0) to {x, t) which obstructs all paths connecting {y ^ fj^^: ^o(y) / 0} x {0} to (x, t) and 
is not obstructed by any of them. Finally, if F = 0, put f)^ ^ = A for every n and set it{x) = 0. 
It now follows that {^t{x))x& has the distribution of the multitype contact process at time t, 
with initial state ^o- 

By considering the time dual of the above construction, we will now define the ancestry 
process, our main object of investigation. Again fix x G Z, t > and a Harris construction 
H = {(D^), (N^^'y^)). Let It{H) be the finite-time Harris construction on [0,t] obtained from 
^[o,t] inverting the direction of time and of the arrows; formally, It{H) = ((l)^), (iV(^'f))), 
where 

D'^is) = D'^it- s), iV(^'^)(s) = iV(s^'^)(t-s), 0<s<t,x,y£Z. 

Two immediate facts are that the laws of -?^[o,t] and ItiH) are equal and that (x, 0) o (y, t) in 
H if and only if (y,0) ^ {x,t) mIt{H). Define rj^^tiH) = fj^/It{H)). The (ZU{A})°° -valued 
process 

is called the ancestry process of x. 77^ ^ is called the nth ancestor of x at time t. As a repetition 
of what was stated in the last paragraph, if we have .fo ^ {0, l,2}^,t > and the sequences 
iVn t)n>i for each x G Z, then we can define 

r 0, if for each n, either Co(?/n,t) = or r/^ ^ = A; 

~ 1 ^o«.(^),t), where n*(x) = inf{n : Co(??^,t) 0}, 

and then has the law of the multitype contact process at time t started from ^o- 

We will employ the expressions "primal time" and "dual time" referring to the evolution 
of the original process t ^ and of the ancestry process 1 1— )■ (77^ t)n>i respectively; of course, 
it only makes sense to consider both processes simultaneously if we fix some time t, place 
the primal time origin at t and think of primal time as decreasing from t to as dual time 
increases from to t. However, the definition in the previous paragraph allows us to obtain 
the ancestry process from a Harris construction H for all positive times. From now on, unless 
explicitly stated otherwise, whenever we mention the Harris construction H and functions of 
it, such as f(^'*) and M^'^'''\ we mean the Harris construction used to define the ancestry 
process. 

Given x G Z and < s < we define rj^f^ = rj^ f_s{6{0, s){H)) (that is, the nth ancestor 
in the graph that grows from (x, s) up to time t). Also, when n = 1, we omit it, writing 
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r]f,rj^'^ instead of r^f^^ry^f . Finally, we write 'ry^i = {rfn t ^ ^ ■ n->l}, and similarly for 

The following is an easy consequence of the definition of the ancestry process with the 
ordering of paths -< defined above. 

Lemma 2.1 (i.) Let s > 0, assume that i]^ ^ A and T^^s^^) = oo. Then, for every t > 

(a.) Let < s < t, zi, . . . , zn €z 'Z and assume 

r?-, ^ A, r/^-''^ =0, l<i<n 
r/-,/A,(r?i5-^\...,r?J?^r'^^) = (zi,...,z;v) 

(that is, the first n — 1 ancestors of x at time s do not reach time t, hut the n-th one does, 
with ancestors zi, . . . , z^). Then, 

ivtt,---,VN,t) = {zi,...,Zn). 

Given x G Z, on {T^ = oo}, define Tq = 0, 

rf = inf{t > 1 : f = oo}, 

and, for n > 1, on {T^ = oo,r^ < (x>,r]fx = z}, define 

r:+i=T:+T^oe{z,T^). 

For the sake of readability, we will sometimes write P^(-) and E^(-) instead of P(-|T^ = oo) 
and E(-|f^ = oo). 

In |15] . it is shown that under P^, the times work as renewal times for the process r/f , 
that is, the (Time length, Trajectory) pairs 

are independent and identically distributed. This follows from an idea of Kuczek ([9j) which 
by now is an important tool in the particle systems literature. In our current setting, it can be 
explained as follows. The probability P^ is the original probability for the process conditioned 
on the event {(x,0) lives forever}. But (x,0) being connected to {T]^x,Tf) and {t]^x,Ti) living 
forever imply that {x, 0) lives forever, the event of the former conditioning. This and the fact 
that, under P, restrictions of H to disjoint time intervals are independent yield that, under 
P^, the shifted Harris construction 6{rj^x,Tf){H) has same law as H. The argument is then 
repeated for all T^',n > 1. 

The Proposition below lists the properties of the renewal times that we will need. The 
proof is in ^15j, except for part (m.), which is an adaption of Lemma 7 in [2] to our context. 

Proposition 2.2 (i.) f^{T^ < oo) = 1 Vn. 
{ii.) For n > 0, let 

Hn = -f^[0,TO{H)]; Hn+ = 9{rp^o,T^){H) . 
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Given an event A on finite-time Harris constructions and an event B on Harris constructions, 
we have 

P°(i7„ G A, Hn+ eB) = ¥\Hn G A) ■ P°(i7 G B). 

{Hi.) Under the X-valued process (^?r^)„>o is « symmetric random walk starting at x and 
with transitions 

P{z,w) = P°(r?°o = w-z). 
(iv.) There exist c,C > such that 

P°(ri° VM° > r) < Ce-^r 

To conclude this section, we prove some simples properties of the first ancestor process. 

Remark 2.3 Every time we write events involving a random variable rj that may take the 
value A, such as {rj < 0}, we mean {rj ^ A,i] < 0}. This applies to part {Hi) of the following 
lemma. Also, we convention to put E(/(r/)) = E(/(r/); rj ^ A) for every function f. 



Lemma 2.4 (z.) There exist c, C > such that, for all < a < b, 

P°(^n:r° G [a,b]) < Ce'<^~''\ 
(ii.) There exists C > such that, for all < s < t, 

t'{{v'i)'-{v's?)<c + c{t-s). 

(Hi.) There exist c, C > such that for all I > 0, 

P(|???| > < Ce-'^^'/W + Ce~^K 
Proof. Define on {T^ = oo}, for t > 0, 

Tt_ = sup{rO < t : n G N}, Tt+ = mf{T^ > t : n G N}, iPt = M^^;*- '"'"^ V (r^ 
Using Proposition I2.2( zi.) and (iv.), 



n-). 



P°(Vt >x) = X^P°(t1? < t, TfcO+i >t,^Pt> x) 

k=0 

oo 

= ^ / PO (r? > t - s, M°o V T? > V\tI G ds) 
fc=0 ^ 

oo \t\ 



k=0 1=1 



^° (r? > t - s) A P° (^MO,, V r° > xjj P°(rfc° G ds) 

oo 

< [Ce-^(*-) A Ce^-] ^PO (rO G - I A) 



i=l 
\t\ 



i=l 



k=0 

EO|{n:r„°G[i-l,i]}|. 



(2.5) 
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Observe that the above expectation is less than 1, because there is at most one renewal in 
each unit interval. (12.51) is thus less than 



oo 

ex. 



C7 ^ [e-^* A e-^^] < C [x] e"^^' + C ^ e-^' < Ce 

i=l i=\x\+l 

since this does not depend on t, we get 

Hi^t >x)< Ce-"'' (2.6) 

for some c, C > and all t > 0. Let us now prove the two statements of the Lemma. 
{i.) For < a < 6, 

P°(Jn : rO G [a, 6]) = f\Ta+ - r^- > 6 - a) < P°(Va > 6 - a) < Ce-<^-''\ 

(ii.) The definition of V't and ()2.6p imply 

|r?o - <J, - r??|, |r?o^ - r?o J < 2^,; (2.7) 
sup ]E°((V't)^) < oo. (2.8) 



Next, note that, for any t > 0, 



since there are at most \t] renewals in [0,t]. By the reflection principle (see [7], page 285), 
the expectation on the right-hand side is less than 2 K^U-q^o )^) = 2 t K^Urj^o)'^), so we have 

]E°(«J2)<^.^. (2.9) 

With ()2.7p . ()2.8p and ()2.9p at hand, we are ready to estimate 

E° ( (^?)^ - (r/°)^ ) = 

E° ( (r/?)^ - i^'rj" ) ( (C)' - (^sf ) +E° ( «,)^ - (O^ ) .(2.10) 

Let us treat each of the three terms separately. Using the independence of increments between 
different pairs of renewals and (|2.7p . we have 



E°((r?? - < J') + E°(«^ - 7?° J2) < 2 E0((2V't)2) (2.11) 

and similarly, 

E°(«J^-(r?°)2)<2E0((2^,)2). (2.12) 
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Finally, using (j2.9p and the convention Tr+ = when r < 0, 

/•oo 
J s 

/oo 
{{t - r) V 0) ]P°(r,+ G dr) < C(t - s). (2.13) 

Using (IZTTTl . ([232]) and (|233D back in (|2J0]1 . we are done, 
(m.) For / > 0, 

P(|r??| >l) = ¥{t < f ° < oo, |77t°| > /) + P(f ° = oo) P^dTyJ*! > /)■ 
The first term is less than 

P(f < oo, Af?o > /) < P(//k < f < oo) + P(M°/^ > 0, 

where k is as in ()2.ip . Now use ()2.ip and (|2.3p to get that this last sum is less than Ce~'^K 
Next, we have 

P°(|fy£°| > /) < P° ( max |r/°o| > 1/2] + F\iJjt > 1/2), 

again because there are at most [t] renewals until time t. By (|2.6p . P''(V't > 1/2) < Ce~'^K By 
Proposition 2.1.2 in [10], P° |??°o| > //2^ < Ce"'^''/'*]. This completes the proof. I 

3 Pairs and sets of ancestries 

In this section, we study the joint behavior of ancestral paths. For pairs of ancestries, we 
define joint renewal points that have properties similar to the ones just discussed for single 
renewals, and then use these properties to study the speed of coalescence of first ancestrals. 
For sets of ancestries, we show that, given A'^ > 0, the overall density of sites of Z occupied 
by ancestrals of rank smaller than or equal to N at time t tends to as t — )• oo. 

Given x,y eZ, define P^'S^(-) = P(-|f^' = f = oo) and W'y{-) = E(-|f^' = fy = oo). On 
jjix — j^y — Iq^- (Jgfine our sequence oi joint renewal times; start with Tq'^ = 0, 

T^'y = inf{t > 1 : f (^?'*) = f '*) = oo}, 

and, for n > 1, on {T^ = = oo, r]^x,y = z,rfx,y = w}, define 

r:;^i = <'^ + rro0(O,<'^). 

Note that P^'^ = P^,E^'^ = and Tn^ = for any x and n. We have the following analog 
of Lemma 12.21 

Proposition 3.1 {i.) P^'S^(r^'^ < oo) = 1 \/n,x,y. 
(ii.) For n > 0, let 

F„ = Ka+ = 9{0,T:'y){H). 
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Given an event A on finite-time Harris constructions, an event B on Harris constructions 
and z,w £ "Z, we have 

f^^y{Hn G A,ri\,y = z,rl.,y =w,HeB)= V^^y{Hn G A,r,\,y = z,r?^.,, = w) ■ F^'^iH G B). 

(Hi.) Under F^^y, the Z"^ -valued process {rj^T,y,rf^x,y^^yQ is a Markov chain starting at {x,y) 
and with transitions 

P{{a,b),{c,d))=¥'''\rj\,=c, rf = d) . 

In particular, if {T^ = = 00} and r]^x,y = 'rfx,y, then ri^x,y = rfx,y for all n > m. 
{iv.) There exist c, C > such that, for any x, y, 

F^'y{max{T^'\M^x,y,Myx.y) > r) < Ce--^^ 

We omit the proof since it is an almost exact repetition of the one of Lemma 12. 2t the only 
difference is that, when looking for renewals, we must inspect two points instead of one. 

We now study the behavior of the discrete time Markov chain mentioned in part (Hi.) of 
the above proposition. Our first objective is to show that the time it takes for two ancestries 
to coalesce has a tail that is similar to that of the time it takes for two independent simple 
random walks on Z to meet. This fact will be extended to continuous time in Lemma l3. 31 in 
Section 5, we will establish other similarities between pairs of ancestries and pairs of coalescing 
random walks. 



Lemma 3.2 (i.) For z £ 7j, let vr^ denote the probability on Z given by 

Tr,{w) = P°'^ (^7]%,. - ri\,. =z + w^, w G Z. 
There exist a symmetric probability tt on Z and c, C > such that 

IK^ -vrllTy < Ce""l^l Vz G Z, 

where \ \ ■ \ \tv denotes total variation distance. 

(ii.) There exists C > such that, for all x,y £ Z and n G N, 



, n 

Proof. For n > 0, x, y G Z, define 

X^,y = I ^i'^ ~ ^T^'«' f"^ = fy = 00; 
1 ^) otherwise. 

Using Proposition 13. H fiii.) and translation invariance, we see that under F^'y^ Xn^ is a Markov 
chain that starts at y — x and has transitions 

F'^'y{X^'y^ = z + w\ X^'^ = z)= = z + w) = iT,iw). 

In particular, is an absorbing state. 
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Fix z € Z and k as in (j2.ip . Let t* = z/3k. Let us take two random Harris constructions 
and defined on a common space with probabihty measure P, under which and 
are independent and both have the original, unconditioned distribution obtained from the 

construction with Poisson processes. Define H"^ as a superposition of and H^, as follows: 

we include in H"^: 

• from H^, all death marks in sites that belong to (—00, [z/2]] and all arrows whose starting 
points belong to (—00, [z/2]]; 

• from H^, all death marks in sites that belong to ([z/2], 00) and all arrows whose starting 
points belong to ([z/2], 00). 

Then, has same law as and H^. We will write all processes and times defined so far 
as functions of these Harris constructions; for example, we will write rj^^H^) and consider 
Tn'\H^) on the event {f^{H^) = T'^iH^) = 00}. Additionally, on the event {r°(i?i) = 
f^{H^) = 00], define 

= inf{t > 1 : f (^?(^')'*)(/7i) = f (''?(^')'*)(i/2) = 00}. 
As in Proposition \'i.\{ iv.). there exist c, C > such that 

P( f^{H^) = f'{H^) = 00, CT°'^ V M^oAH^) V M^o,.iH^) >r) < Ce~^\ (3.1) 
Also define 

YO,z ^ f vtoAH') - vloAH'), if = f^{H^) = 00, 

\ A, otherwise. 

Consider the events 

Ci = {M^,{H^) V Mti{H'^) < z/2}, 
£2 = {f°{H^) Af'{H^) < t*}, 
( f^iH^) = f^{H^) = f^{H'^) = f^H^) = 00, 1 

We claim that, if the event C := Ci H (£2 U £3) occurs, then X^'^{H'^) = Y^'^. To see this, 
assume first that £1 n £2 occurs. Then, we either have T^{Hi) = T^{H^) < < 00 or 
f^(i?2) = f^iH'i) <t* <oo, and in either case X^'^'iH^) = = A. Now assume £1 n £3 
occurs. Define 

^2 = a0'^ a2 = <(Fi), b2 = v!,{H^)- 

In £1, the ancestries of according to and H"^ coincide up to time t* , and similarly 

for the ancestries of z according to and H^. Then, if we show that ti = t2, we get 

ai = 02 and bi = 62, hence X^'^{H^) = hi — ai = 62 — 02 = Y^'^. Assume ti < ^2- 

Since f('^i'«i)(F3) = f(but,)^jj3^ ^ ^^^^^ f f(bi,ti)(^2) > ^ 

r][jf'\H^),b2 = r]f'^lf'\H^). But we also have f^-^^'^^^H'^) = f(^2,t2)(^2) ^ 

fiai,ti)^jji-^ ^ f'(^>l,^l)(^2^) ^ hence ti = ^2- By the same argument, t2 < h implies 

t2 = ti. This completes the proof of the claim. 

Now note that the event £^ is contained in the union of: 

{M^.iH')>z/2},{M,AH')>z/2}, 

{t* < f^{H^) < 00}, {f < f^{H^) < 00}, {f < f'{H^) < 00}, {f < f'{H'^) < 00}, 
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00,T?''(Hs)>f}. 



Using our choice of t* , ()2.ip . (j2.3p . Proposition [i.li iii.) and p.ip . the probabihty of any of 
these events decreases exponentiahy with z. 



We thus have P(Xi'^(i/3) ^ yO,^;) < Ce'''^ so 
«)ezu{A} 



It) 



< Ce" 



(3.2) 



Now note that 7r^(-) = ¥{x['\H'^) = z + ■ \ X'l'^H^) / A) and define 7r(-) = ¥{Y^'^ = 
z + ■ \ Y^'^ 7^ A). By the definition of Y^^^ from independent Harris constructions, vr is 
symmetric and does not depend on z. Now, 



^ \-nz{w) - 'k{w)\ 
1 



E 



0,2 



P(X°'"(i?3) ^ A) P(>^°'" / A) 



< 



p(x°'^(i/3) ^ a; 



u-) - p(r 



0,2 



1 



< 



1 



p(yO,. ^ A) P(X°'"(/73) / A) 

1 



+ 



■■w)\ + 

1 



Ce 



P(X°'"(i/3) / A) P(X°'"(i/3) ^ A) F(>'°'" / A) 

We have P(X°''=(i73) / A) = P(f°(if3) = f^(if3) ^ g^j^^ P(y0.^ 7^ A) = P(f°(iJi) = 
T^(H'^) = oo), and these probabihties are bounded away from zero uniformly in z by (j2.2p . 
We thus get ||7r^ — it\\tv < Ce""^^ and part (i) is proved. 

We postpone the proof of part (ii) - the fact that for the perturbed random walk with 
increments vr^, the law of the hitting time of zero has same same tail as the one corresponding 
to a "real" random walk with increments tt - to Section 6. Here, let us ensure that the four 
conditions in the beginning of that section are satisfied by tTz and vr. Conditions ()6.ip and 
(|6.4p are already established. Condition ()6.2p is straightforward to check and ()6.3p follows 
from (|3.ip and Proposition 13. iT it;.). I 

We now want to define a random time J^'^ that will work as a "first renewal after coales- 
cence" for the first ancestrals of x and y, a time after which the two processes evolve together 
with the law of a single first ancestor process. Some care should be taken, however, to treat 
the cases in which the ancestries of x or of y die out. With this in mind, we put 



jx,y 



inf{r^'^ : r]^:,,y 



y 



} on {f ^ 
on {f ^ 

on {fy 



fy = oo}; 
oo, Ty < oo}; 
oo,f"^ < oo}; 



on {T^ < oo and Ty < oo}. 



infix;? : > Ty} 
inf{r^ : tK > f^} 


This definition is symmetric: J^'^ = J^'^. 

Lemma 3.3 (i.) There exists C > such that, for any x,y G Z and t>0, 

C\x - y\ 



>t) < 



Vt 
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(a.) Conditioned to {T^ = oo}, the process t i— )• (r^j* • • •) ° (^{'H^x.y, J^'^) is independent 

of J^'y . Additionally, the law of t ^ {rfl^,ri2i, ■ ■ ■) o Oirj^^^y, J^^y) conditioned to {T^ = co^ is 
equal to the law of t^ (^it 1^2*1 • • •) conditioned to {T^ = 00}. 

Proof, {i.) By Proposition (SJj^iw.), /3 := 2 sup^ ^ E^'"'(r^'"') is finite. Noting that 

r yn+i ~ & I Vr^-y — ^) V^^.v — wj — r [T-^ fc • j , 



Chebyshev's inequality yields P^'^ yltf/s] > ^) — some c, C > 0, uniformly in x,y. 

This together with Lemma 13.21 gives 



-.^( J- > t) < P- ^ / ,^^..J + P- (r- > < (3.3) 

Note that if = 00, < t/2 and there exists some n such that G [i/2,t], then 
J^'y < t, and similarly exchanging the roles of x and y. Using (|2.3|) . Lemma [2.4l fi.) and 
we thus have 



>t)< 

p(f ^ = 00, f 2^ < 00, j'^'y >t) + p(f ^ < 00, f = 00, j'^'y >t) + p(f ^ = f = 00, j^'?' >t)< 

F{t/2 <fy<oc)+ P(f ^ = 00 : < G [t/2, t]) + 
F{t/2 < f'-" < 00) + F{fy = 00 : e [t/2, + 

C\x — y\ 



p(r^ = = 00) • F'''y{r'y >t)< 



Vt 



\H G • ^ iP'^^-i <fy < tI, T^eA) = ¥^{H £ B) ■ f>^(r'y GA,fy< oo) 



(a.) Let ^ be a borelian of [0, 00) and B be an event on Harris constructions. Using 
Proposition 12.21 (ii.), 

px^jx,y ^j^^fy^ 00, 9{r]%.y,r^y){H) £B) = 

00 

^P-«_i < fy < r^, < G A, <)(//) G S) = 

re=l 

n=l 

Using Proposition 13.11 (m) and the fact that P^'^ = P^ for any z, 

]px(jx,y (,A^fy = 9{7]%,y,r'y){H) £B) = 

p(r- = f ^ = 00) 1^ ^ / / ' = = 
= 00) tiftz \ rfi'y G A eiz,T^'y){H) g i? 

¥{T^ = oo) y > y I \ I K I 

Putting things together we get 

fx^jx,y g e{ri%,y,r^y){H) e B) = ¥^{H e B)- f'^{.r^y g a). 

The claim is a direct consequence of this equality. 
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Lemma 3.4 There exist c,C > such that, for any x,y €z 7^, N > 1 and t > 0, 

nf^fy > t, ivlt, ■ ■ • ,^^,) / ivlv ■ ■ < ce""^-'* + 

Proof. There exists 6 > such that, given a finite set A C 1^, we have P(T'^ < oo) > 6^^^. We 
can for instance take 6 as the probabihty of a particle dying out before having any children, 
an observe that this occurs independently for different sites. This observation and the strong 
Markov property tell us that, defining = sup{s > : < #r/^^ < N}, we have 

d^F{aN >t)< F{t < f ° < oo . 

Also using (j2.3p . we obtain 

P(cjjv > t) < Cie^^^-'^'K (3.4) 

Let x,y £1; assume that f^' = f ^ = oo and J'''^ + o 9{r]j,:,y, J'^'y) < t. Noticing that 
'Hjx.v = 'n%,y ^iid using the definition of fjjv, we must then have zi, . . . ,Z]\f such that 

vlt-j^,y o e{v%y,r'y) = r,l,_j.,y o e{v%y,r'y) = zn, i<n<N. 

Lemma |2. II then implies 



and thus 



Vn,t = Vn,t = Zn, 1 < n < N, 

P( f^=fy = oo, . . . , r?^,) / (r?^,, . . . , r?^,) ) 

< p( f ^ = = oo, r'y + aNO e{r]ij.,y,r'y) > t ) 

< p( r'y >t/2 )+ p( aN o e{r]ij.,y, r'y) > t/2 1 f ^ = oo ) 

C\x - y\ ^ cN-ct 

- Vt 

where in the last inequality we used Lemma IS.Sf i.l in the first term and Lemma IS.SI fn.) and 
(|3.4p in the second. 

Finally, we have 

F{f^,fy>t,{vl„...,VN,t)^ivlv-^^N,t^) 

< Fit < < oo) + Fit < f ^ < oo) + P(f-' = f ^ = oo, irjl,, . . . , r?^,,) / (r?^^„ . . . , r?^^,)) 
-ct , r^CN-ct I C'k — y| ^ CAf-rf I C'k — 2/1 



Proposition 3.5 There exist C, 7 > such that, for any N >1 and t > 0, 

P(OG{<,:xGZ,l<n<iV})<C^. 
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Proof. Fix a real t > and a positive integer I with / > A^. Define T = {0, ...,/ — !} and 

{x,y}cr 



We can use Lemma 13.41 to bound the probabihty of A^: 

Cl^ 

{x,y}cr 



P(A^)< n^^T^>^,K,,...,ry^,,)/(<^,•••,<J)<y^+C^/'e^^-^ (3.5) 



since there are less than P choices for {x,y} and for any of them, |j; — y| < /. 
Let r]^ f. = {t]^ ^ G Z : X G r} and r]^_ ^ = {r/^ jGZ:xGr,l<n< A^}. Since 

l-i N N 

Y m, {vn,t c (r + iz)}) < J2 m) < n, 

r=0 n=l n=l 

there exists r* G {0, . . . ,1 — 1} such that 

N 

^ V{ \ in^ . r- (r* -U \ < ^ 



Y 1P(A, {<iC(r* + a)}) <^. (3.6) 

n=l 



Finally, for z G Z let F^ = —r* + lz + T. The idea is that seen from Fq is the same as r* 
seen from F. Let Az,7]l^\ and ^ be defined from F^ as A, 77^^ and 'r]]^_ ^ are defined from 
F. Using p.Sp and ()3.6p . we have 

P(0 G {<, : X G Z, 1 < n < iV}) < P(0 G r/^L^,) < 

Y no e r?^^_,„ A,) + ^ P(0 G r?^L,„ A^J < 

N N 

Y E ^(^- = o» + E E E i^n,* = o» = 

2eZn=i 2eZxerzn=i 

AT N 

E E ^(^' = ^* + ^^}) + E E E ^(^'' i<t = r* + /z}) < 

N l-l N 4 

E c (r* + «)}) + E E ^(^^) ^ T + ^ + c^^^'-^"^-" 

n=l xern=i 

We now put I = and observe that (^ + + CiVt^^gCiV-rf) a 1 < ^ for some 

C, 7 > 0. I 



4 Extinction and Survival 

In this section we prove Theorem ll.il Our three ingredients will be a result about extinction 
under a stronger hypothesis (Lemma 14. 1|) . an estimate for the edge speed of one of the types 
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when obstructed by the other (Lemma I4.2p and the formation of "descendancy barriers" for 
the contact process on Z (Lemma I4.3p . 

We recall our notation from the Introduction: the letters ^ and r] will be used for the 
primal and dual process, respectively. Throughout this section, in contrast with the rest of 
the paper, Harris constructions and statements related to them, such as "(x, s) -f-)- {y,t)" , refer 
to the construction for the primal process rather than that of the dual. 

Lemma 4.1 For the process (.^t) with initial state such that 

liminf ,^0(2;) = liminf ,^0(2;) = 2, 

x—^—co X— ^00 

the 1 's almost surely die out, i.e. almost surely there exists t such that S,t{x) 7^ 1 Vx. 

Proof. The hypothesis implies that there exists a finite A d'L such that ^q(x) = 2 Vx G . 
Using Proposition 13. 5|, we can choose t such that A = {^Ar\ {r\\^ : x G Z} / 0} has small 
probability. Place the primal time origin at dual time t\ then, in A^ ^ every site x at primal 
time t (i.e. dual time 0) either is in state or has its first ancestor rjf^ in A^, so ^t(x) = 2. ■ 

Lemma 4.2 Fix (3 > 0. For any e > 0, there exists K > such that, if £,o = = 
l(-oo,o] + 2 • l(o,oo); then 

P(sup{x : ^t(x) = l}<K + /3tyt)>l-e. 

Proof. For K > 0, consider the events 

An = = 1 for some x > K/2 + /3n/2}, 

Bn = {{x,n) ^ {y,t) for some X < K/2 + l3n/2, y > K + I3n, t e [n,n + 1]}, 

n G {0, 1, 2, . . .}. Now, using Lemma [2^ (Hi.), 

00 00 00 00 

p(u-o^„)<j] nvin<o)<Yl E n\vin\>^) 

n=0 x=K/2+(3n/2 n=0 x=K/2+(3n/2 

00 00 

^ E E ((^e-^"'/" + Ce-'^) 0. 

n=0x=K/2+Pn/2 

Next, event requires the existence of a path that advances a distance of at least K/2 + 
j3n/2 in a unit time interval; by a comparison with a sum of Poisson processes as in ()2.ip . 
this occurs with probability smaller than Ce~'^^^l'^^^'^l'^^ for some c, C > 0, so P(Uni?„) < 

Y^n^^Bn) as well. This gives P(nn(^^ n B^^)) ^ 1 as K ^ 00, and to conclude the 

proof note that in n„(A5^ni?^), the set {(x,t) : ^i(x) = 1} is contained in{(x,t) : x < K + fii). 

I 

For p > 0, define V{p) = {(x, t) d'L x [0, 00) : —pt < x < pt}. We say that site forms a 
p-descendancy barrier if 

(i.) for any x,y G Z and t > with (x,0) o {y,t) and {y,t) G V{p), we have (0,0) o {y,t); 
{ii.) for any x,y G Z with opposite signs and t > such that (x,0) o {y,t), we have 
(0,0) o {y,t). 

Say that x G Z forms a p-descendancy barrier if the origin forms a p-descendancy barrier 
according to 6{x,0){H). 
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Lemma 4.3 For any e > 0, there exists I3,K > such that 

F{3x £ [0, K] : X forms a j3-descendancy harrier) > 1 — e. 

The proof is in [2]; see Proposition 2.7 and the definition of the event 7^2 in page 10 of that 
paper. 

Finahy, we state an obvious comparison result that can be verified by looking at the 
generator of the multitype contact process. As is usual, we abbreviate {x : ^t(x) = i} as 
{it = ^]■ 

Lemma 4.4 Let {i't)-,{it) he two realizations of the multitype contact process huilt with the 
same Harris construction and such that 

{i', = 1} D {i'^ = 1}, {Co = 2} C U'^ = 2}. 

Then, 

UI = 1}D{C = 1}, UI = 2}CU;' = 2} Vt>0. 

Proof of Theorem We first prove that, if conditions (i.) and (ii.) in the statement 

of the theorem are satisfied, then the I's become extinct. Fix e > 0. As in Lemma 14.31 
choose /3, Ki corresponding to e, then as in Lemma 14.21 choose K2 corresponding to e and 
/3. Let K = Ki + K2 + 2R (recall that R is the range of the process). We may assume 
that there exist ai < —L,a2 > L (where L is as in the statement of the theorem) such that 
Co{x) = 2 Vx S [ai — K,ai]U [02,02 + K]: after any positive time interval, there are infinitely 
many disjoint intervals of length K that can be filled by a 2 that is initially present. Let 
(Ct 5 (Ct^) an*^ iCt^) be realizations of the multitype contact process all built using the 
same Harris construction as the original process (^f) and having initial configurations 

Co = l(ai,a2) + 2 • T^[ai-K,ai] + 2 • 1 [aa.aa+ii'] ! 
Co = l(ai,a2) + 2 • l(ai,a2)'=; 
Co^ = l(-oo,a2) + 2 • l[a2,oo)i 
Co^ = 2 • l(-oo,ai] + l(ai,oo)- 

By a series of comparisons and uses of the previous lemmas, we will show that in the I's 
become extinct with high probability. An application of Lemma 14.41 to the pair then 
implies that in ^, the I's become extinct with high probability. 
Define the events 

Gi = {yt, inf{ef = l}>ai-K2- fit}, 02 = {yt, sup{ef = 1} < ^2 + + /3t}}. 

By the choice of K2, we have P(ai), P(^2) > 1 - e. Defining W = {(x, t) : ai - K2 - j3t < x < 
02 + K2 + Pt} and applying Lemma to the pairs C^^,C^ and C^^,C^, we get that 

on 0^002, {ix,t) ■.^^{x) = l} CW. (4.1) 

Also define 

^3 = {3bi G [ai — K,ai — K + Ki] : hi forms a /3-descendancy barrier}; 
= {362 G [02 + K — Ki, 02 + K] : 62 forms a /3-descendancy barrier}. 
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The choice of Ki and /3 gives P(a3),P(^4) > 1 - e. Put W+ = {{x,t) : ai - K2 - 2R - < 
X < a2 + K2 + 2R + (3t}; a consequence of the definition of descendancy barriers is that 

onQsng^, y{x,t)GW+, cHx) = o^Chx) = o. (4.2) 

We now claim that, in nf^iQi, {{x,t) : Cti^) = 1} = {(^'*) • ^ti^) = !}• This claim, 
together with Lemma l4.ll will imply that with probability larger than 1 — 4e, the I's die out 
in and we will be done. To prove the claim, we start observing that {{x,t) : ^t{x) = 1} D 
{{x,t) : = 1} always holds by Lemma 14.41 To establish the opposite inclusion in the 

occurrence of the good events, suppose to the contrary that for some t, {^^ = 1} / = 1}. 
But then we can find {x*,t*) such that = l,^,^,{x*) / 1 and = 1} = = 

1} yt £ [0,t*). We must then have = 0, since = 2 would be incompatible 

with ^^*{x*) = 1 and £,]:*_{x*) = 1 would imply, by the choice of t* ,^^*_{x*) = 1 and then 
^^t{x*) = 1, a contradiction. Now, since ^f*_{x*) = and ^j,{x*) = 1 there must exist y* 
with I?/* — x*| < i? such that £,l*_{y*) = Ct*iy*) — 1 ^'^d there exists an arrow from {y*,t*) to 
{x*,t*). But then, again by the choice of t*,^l,_{y*) = 1 implies Cf*_(y*) = 1, so i%{y*) = 1. 
Using ()4.ip . we can then conclude that (y* ,t*) £ W, so {x* ,t*) is in the interior of W+. This, 
(|4.2p and S,^,_{x*) = imply that S,^,_{x*) = 0, so C|*(a;*) = 1, another contradiction. This 
completes the proof. 

To prove the converse, we start noting that the case where there are infinitely many I's in 
is trivial because then, at any t > there almost surely exists some x G Z such that ^0(2;) = 1 
and no death mark is present on {x} x [0,t], so the I's are almost surely always present. We 
must thus show that, if condition (i.) of the theorem is satisfied but condition (ii.) is not, then 
the I's have positive probability of surviving. By simple comparison arguments using Lemma 
14. 4^ this reduces to proving that there exists K > such that, if ^0 = 2 • l(-oo,o) + l[o,if]) then 
P(Vt, {^t = 1} / 0) > 0. We will prove the stronger statement that this probability converges 
to 1 as -fC — )• 00. Fix e > and choose (3, Ki and K2 as before. We will need another constant 
K3 whose choice will depend on the following. Let a > be the edge speed for our contact 
process (i.e., the almost sure limit as t ^ 00 of jsup{?/ : 3a; E (— oo,0] : (x,0) -f-)- {y,t)}). 
Given a' G (0, a), we have 

lim P(Vt, 3x e [0, K'],y> a't : (x, 0) o {y, t)) = 1. (4.3) 

This is a consequence of the definition of a and the fact that liniK'^oo P(Vt, 3x £ [0, K'],y E 
Z : (x,0) -f-)- (y,t)) = 1; we omit the details. We may assume that the (3 we have chosen 
is strictly smaller than a, and we choose K3 such that, putting K' = and a' = /3, the 
probability in (gSD is larger than 1 - e. Set K = Ki + K2 + + 2R. 

Recycling some of the notation from before, define {^t^) with the same Harris construction 
as that of (^t), with 

= 2 • l(_oo,0) + l[0,oo) 

and the events 

Qi = {Vi, sup{eP = 2}<K2 + /3t}; 

Q2 = {3x E [K2 + 2ii, K2 + 2R + Ki] : x forms a /3-descendancy barrier}; 
= {Vt, 3x E {K2 + 2R + Ki,K], y> K2 + 2R + Ki + ^t: (x, 0) o {y, t)}. 

We have F^nf^^Gi) > 1 - 3e. We can argue as before to the effect that, on Qi n G2,{^t^ = 
2} = {^t = 2} holds for all t, so sup{^t = 2} < K2 + I3t for all t. Additionally, on G3, for every 
t there exists y > K + (3t such that ^t(y) / 0, so it must be the case that ^t(y) = 1. This 
shows that for all t, {S^t = 1} / and completes the proof. I 
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5 Interface tightness 



We now carry out the proof outlined at the end of the Introduction. It is instructive to reestate 
Theorem 11.21 in its duaUzed form: 

Theorem 11.21 dual version For any e > 0, there exists L > such that 

P(| sup{j; : r/f < 0} - inf{x : rjf > 0}\ > L) < e for every t>0. 

We start with two Lemmas concerning the expectation of the distance between two first 
ancestors. Lemma 15.11 shows a resemblance to the case of two random walks that evolve 
independently until they meet, at which time they coalesce. Lemma 15.21 is a generalization 
that allows us to integrate over the event of death of a preassigned set of sites. 

Lemma 5.1 There exists C > such that, for all x < y ^"L and t > 0, 

{i.)E{\r^y-r^f\)<Ciy-x); 

{ii.)E{{rjy-rjf)-)<C. 

Proof. By translation invariance, it suffices to treat x = < y. It also suffices to prove (i.) 
and {a.) for t sufficiently large (not depending on x,y), because 

E( -Vt\)<y + IE( \Vt\ )+mv^ -y\) <y + IE(MO) + E(M|') = y + 2E(M°); 
E( (r/r - r?0)-) < E( {r^^)+ ) + E( (t?^ - y)' ) < E{M^) + EiM^) = 2E(M0), 

and these expectations grow polynomially in t, by comparisons with sums of Poisson processes. 
Finally, 



Z'Ul 



= ^\z-w\ P(r/0 = z, r]l = w, f = f = oo) P(f = f = cx))"' 

z,w 

< CE(|r7°-7?|'|, f° = f^ = oo) 

and similarly for E( (7]^ — ?yf )~), so it suffices to prove (i.) and (ii.) on the event {T^ = = 
oo}. 

(i.) We have 

E(|77f-r?0|; f " = f = oo ) 

<y + E{ f^ = fy = oo, J^'^^ > t ) + E( - y\; f° = fy = oo, J^'y > t ) 
= 2/ + 2E( |7?°|; f^ = fy = oo, J^'y > t ) (5.1) 

by symmetry. By Cauchy-Schwarz, this last expectation is less than 



^E((r/°)2; f^ = fy = oo, j^'y > t) ■ p(f ° = = oo, j^^y > t)j ' . (5.2) 

Let us estimate the expectation. 

E( (r/0)2; f'^ = fy = 00, J°'^ > t ) < 

E( (r?0)2; = fy = 00, .f^y >t )< 

p(ro = 00) ^ ^ * ^ ' ~ 

E°( (r?0)^ J^'y >t)= E°((r?0)2) - E°( {^f; .f^y <t) = 
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By Lemma l3.3( n.). we have 



E°( - ^jo„)'; < = / ^'{ivlsf ) • e ds), (5.4) 

JO 

E°(r/%.(r/?-r?%J; j"'^ < t ) = 0. (5.5) 
Using (|5.4p and (|5.5p and ignoring the term (?/jo,y)^, the expression in (|5.3|) is less than 

Jo 

< E°((r??)2) . P°(J0'^ > t) + rE°((r?°)2 - (r^Uf) • F°(J°'^ G ds) 

Jo 

< {Cit + C2)^+ [ (Cis + C2) P(J°'^ G ds) 

by Lemma l2.4f M.) and Lemma l3.3l fi). Now we can continue as in Lemma 1 in [5j: the above 
is less than 

CyVi +^ + C [ F{J^'y >u)du + C < CyVt + C I -^du < CyVi 
Vt Jo Jo V"" 

when t > 1. This and another application of Lemma I3.3r i.) show that (|5.2p is less than 
^Cyy/i ■ ^ < Cy; going back to (|5.ip . we get 

EdT^O-r?!'!; f' = fy = ^)<Cy. 

{a.) To treat the expectation on the event {T^ = TV = 00}, we will separately consider 
two cases, depending on whether or not the ancestor processes of and y had a joint renewal 
in inverted order before time t. To this end, define 

T* = inf \ Tn ■■ V^o.y < 1]%,y \ 
(we set T* = c« if the set is empty). Now, 

E((7?f-r??)-; f^ = fy = ^,T*<i) 

< ^ rE^'-( ICs - ) • P( fo = = 00, e = z, e =w,r*Gds) (5.6) 



For each z, w, we have E^'"'(|7/J^, - ??f_J) < P(f ^ = f"" = oo)"^ • C|u; - z| < Cj-u; - z\ by part 
(i.) and I^Si). Then, ([52]) is less than 

C ^ / (w^ - ^) P( ^° = = 00, Tjy, = z, rj°. =w;t* e ds) 
<C^{w - z) P( = fy = 00, r?^* = z, 7?°. = r* < 00 ) 

Z<UI 

= CE( (7?^, -?/?.)"; f^ = fy = 00, T* <oo), (5.7) 
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which is bounded by Lemma |6.6[ 

Finahy, as in Lemma 12.41 define on the event {T^ 

o,y 0,2/ 1 
m^Ttl'' and 



= oo} the random variables 



„0 0,y 



(t)t = M\ 



V M 



0,y 
t+ 



We then have 



V V 
m - V 0,y 



< 



on {r'' = TV = oo}. Since on {T^ = TV = oo,t* > t}, rpo^y < "rfo^y also holds, we have 

E( {4 - = fy = oo, T* >t) 24>t] = fy = oo, T* >t). (5.8) 

As in the proof of Lemma 12.41 we can then show that E(</)t; f ° = fy = oo) is bounded 
uniformly in y and t. Putting together (|5.7p and (|5.8p . we get the result. I 



Lemma 5.2 There exist c, C > such that, for all x < y G 7j,t > and finite A<Z'L, 
(i) E( \r(i - r/f I; <t)< C{y - x)e-'=l^l; 
(ii.) E( (r/f - 7?f )-; < t ) < Ce-'^l^l. 

Proof. Since both estimates are treated similarly, we will only show part (ii.): 



^E ( (r?r - r/H"; < t, V = 

k=l 



oo k k 

SEE Ee( 

k=li=—kj=—k 
oa ,.i I k k 



t-fA 



If X + z < 7/ + j, then E( (r/^L^ — ) ^ C* by Lemma [5TlT ii.). If x + z > y + j, then we 



also have {x + i) — {y + j) < 2k, so E( 



'h-s 'It-s 



) < 2Ck by Lemma IS.lT i.). Hence, in 



all cases the expectation is less than Ck, and the above sum is less than 

oo 

C A:^ P( < t, V = A; ) < C E ( (M|, V M|,)3; < oo 



k=l 



<CE{ {M'^^f- f ^ < oo j + C E ((M|,)3; f ^ < oo ) . 



Now, by Cauchy-Schwarz, 



E ((M|,)3; < oo) < (e ((M|,)^ < oo) • P( f ^ < oo 



1/2 



(5.9) 



(5.10) 
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The probability in the right-hand side decreases exponentiahy with |^| (see Section lib in 
[B]). Doing 

P( > /, f ^ < oo ) < P (^^ < < oo^ + P ( Af°/^ > / ) 

with large a and using ()2.3p again, we see that the expectation on the right-hand side of (jS.lOp 
is uniformly bounded in x and A. I 

For z > 0, say that sites x,x -|- z produce a z-inversion at time t ii rjf > > rj^^^. 
The following lemma shows that the expected number of z-inversions at time t is bounded 
uniformly in z and t. It also illustrates the usefulness of Lemma 15.21 

Lemma 5.3 There exist c, C > such that, for any integer z > 1, real t > and finite 
AcZ, 

(i.) ^ P( r?f > > f^+^ <t)< C7e-'=l^l; 

{it.) ^ P( ryf < < r?f+", f <t)< C\z\e-''\^\ . 

Proof. We start proceeding like in Lemma 4 in [5], noticing that, by translation invariance, 

P( r/f > > r/f+^ f <t)=^{rf^> -x> r/f , f ^ < t ), 

P( ?/f < < r/f+^ t^+^ <t)=¥{rfl <-x < r]l, f^<t) 
and summing over x to obtain 

^p( 7?r > > r-+^ < t ) = e( - r^^r- f^<t), 

xez 

see Lemma 4 in [5] for more details. Also recall our conventions about the A state in Remark 
12.31 Now, it suffices to apply Lemma [5121 I 

Fix < s < t. For x £ Z such that rj^t^^, let n be the smallest integer such that (?7^ g, s) 
survives up to time t (as in the statement of Lemma l2.ip . Define R^{s, t) = r]^ g. Assume the 
primal time origin is at dual time t; since rjf = i^'^)'^)^ have Ct{x) = ^t-s{R^{s,t)). 

Also define R{s,t) = {R^{s,t) : x G Z,ri^^t / This will be understood as a set of 
"relevant" sites. To get some insight into this, again assume that the primal time origin is 
placed at dual time t. Fix y such that S^t-siu) 7^ and change £,t-s in tbe following way: 
switch the type of the individual at y to the opposite one, and leave other sites untouched. 
Then let this new configuration evolve following the original primal Harris construction from 
primal time t — s to t; denote by the final configuration obtained. Then, R{s,t) is exactly 
the set of occupied sites y in ^t-s for which / 

Our next task is to show that, if s is large, then with high probability the restriction of 
^t-s to R{s,t) has no interface. Formally, 
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Proposition 5.4 Let 

g{s,t) = |sup{x G R{s,t) : rif''^ < 0} < inf{x G R{s,t) : rif''^ > 0}} . (5.11) 
Then, lim infP(g(s,t)) = 1. 

Proof. We fix s < t and an integer to be cliosen later. We will write R instead of 

Q{s,t), R{s,t), and in general omit the dependence on s,t,N. 

Fix d with 1 > d > P(0 G {t?^ ^ixGZ, l<n< A^}) and let X be a random variable with 
uniform distribution on {0, . . . , [l/d] — 1} and independent of the Harris construction. Define 

R = {Vn,s ■.xeZ,l<n<N}U{X+ [1/dlZ). 

A is a random subset of Z; its law is invariant with respect to shifts in Z and P(0 G -R) < 2d. 

Additionally, it only depends on the Harris construction on times in [0,s], and of course on 

X. Put iS = {x G Z : r][^f ^ ^ 0}. Note that by the definition of R, we have R C S; also, by 
our conventions, when we say for example r]^^'^^ > 0, we are implying that x & S. 
We will also need the events 

gi = {$x,yeR:x<y,{x,y)nRnS = ^, r{f''^ > > r/^'^ }, 

g2 = {$x€R-R, y£Z:x<y, {x,y)nRnS = rjf''^ > > r/J^''^ }, 
g3 = {$yeR-R,xeZ:x<y, {x,y)nRnS = $, rif''^ > > tjJ^''^ }. 

We claim that H ^2 H ^3 C g. Indeed, assume the three events occur and let us show 
that, given a ^ R such that r][""^^ > 0, we have 1]^^'^^ > for any b > a,b ^ R. Let 
{zi,Z2, . . .} = [a, co) n RnS with < Zj+i Vi If a < zi, then a £ R — R, so 'qf''^^ > for any 
b G (a, zi] by the definition of If a = zi, then we plainly have rjf^'^^ > 0. So in any case we 
have rlf^'^"^ > 0, and from this we can use the definition of ^1 to conclude that ?7j^"^'* > Mi. 
Finally, if 6 > zi, 6 G i?, then either b = Zi for some z or 6 G {zi, Zj+i) for some i. In the first 
case, we already have rif''^^ > 0; in the second case, we have 6 G i? — -R, so we can apply the 
definition of ^3 to Zi and b to conclude that rjf''^^ > 0. This concludes the proof of the claim. 

Let us now estimate the probabilities of gf, and ^3. 

ngt) < ^ P( [x, y] n i? n 5 = {x, y}, ryf > > ryj^'^) ) 

x<y 

< ^ ^ F{[x,x + z]nR = {x,x + z}U{x + A), 

xeZ,z>l Ac(0,2) 

= ^p( [o,z] n^ = {o,4u^) • 

^P( f-+^ < i - s,vts > > C+/ )• 
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Applying Lemma 15.31 to the inner sum, we get that the above is less than 
c ^e-"(#^)p( [0,^]n^ = {0,z}uA) 

< cY.e-"' E E P{[0,z]nR = {0,z}uA) 

k>0 z>k+l Ac{0,z):#A=k 

= C^e-^^F{0 e R) < Cd. 

k>0 

Similarly, 

x<y 

s E E E E 

x&Z,z>l AciO,z) a&Z,m>N (ai ,...,a™,_i)eZ™-i 

P( X = 77^+", x + ai = r)l+'' Vi < m, 
{x,x + z) n R = X + A, 

x + aiiS'ii <m, x + AcS", r/f ''^ > > r^f +^'') ) 

< ff^(0 = C., a. = <.Vi<m, (0,z)ni? = ^) • 

z,A,a,m,{ai) 

P( f ^+'^» < t - s Vi < m, f < t - s, 7?f_, > > ??f +/ ) 

2,A,a,m,(ai) 

< C ^ e-'^"*^)^™) P( = r/^^„ (0, z) n = ^ ) 

= E^"^^'"™^E E E F(o = <., (o,z)ni? = ^) 

A:>0 m>N aeZ z>k+l Ac{0,z):#A=k 

= ^E 5] e-^^'^^-) J] P(o = Cs, #((0,^)ni?) = A;). (5.12) 

fc>0 m>N aGZ z>fc+l 

Now note that, since X + C R, there are no intervals of length larger than [l/d] that 

do not intersect R. Hence, when z > we have #((0, z)nR) > k, hence P(#((0, z)nR) = 
k) = 0. When z < we use the bound P(0 = rj^^„ #((0, z) D R) = k) < P(0 = C, J- So 
the expression in (j5.12p is less than 

C^E E ^e-('=v-) 2: P( = ). (5.13) 

fc>0 m>Af aSZ 

The inner sum is less than 

X;f(OG<,) =IE#{aGZ:OG<J. 

By a routine comparison with Poisson process, the latter is less than Cs for some C > 0. 
Hence the expression in (j5.13p is less than 

— EE + 2)e-^('=^"^) < ^^(A; + 2)e-(^/2)'= ^ e-(^/2)" < C-e"^^ 

A:>Om>Ar fc>0 m>Af 



26 



for some c,C > 0. 

By symmetry, we have P{^3} = F{^2}- To summarize, we obtained: 

< Cd; (5.14) 

nQ2),nGD<c-^e-'''- (5.15) 

Additionally, remember that we chose d satisfying 

IP(0 G {<s : X G Z, 1 < n < iV}) < d (5.16) 
and Proposition 13.51 tells us that 

TV 

P(0 G {iql, : x G Z, 1 < n < TV}) < (5.17) 

So, putting N = [s'''''^] and d = (provided s is large enough so that this is less than 1), 
we conclude that P(g^) < "^{Ql U U G^) < P(gf) + P(g^) + P(g|) ^ as s ^ oo. I 

Following the terminology in [5], define Bt = #{{x,y) : x < y,ri'f > > rj^}. Our 
next-to-last result before the proof of Theorem 11.21 will be 

Proposition 5.5 The process {Bt)t>o is tight. 

Proof. Let e > 0. By Proposition 15.41 there exists s such that ¥{Q{s,ty) < e/2 for any t > s. 
Fix t > s; we have 

E{Bt;g{s,t)) = Y,F{ri^>0>rj1,g{s,t)) 

a<b 

a<b x<y 
a<b x<y 

= < < ^r'^'^ V%, G )• (5.18) 

z>l xeZ a<b 

By ()2.ip . there exist c (that depends on s) such that 

IP( -2 e ) A P( G ) < P(Af° > |a - z|) A P(M° > |6|) < g-'^d^-^l^!''!), 

then 

5]P( z G <„ G vt,s ) < ^(e-^d'^-^I^I^D) < Ce— 
as is easily seen. Using this and Lemma 15.31 we see that the expression in ()5.18p is less than 

CE^~" "^i^'^^ < ^ ^J""^'''^ ) ^ C^ze-'^ < oo. 

2>i xez 2>i 

So, if L is large, we have < | for all t > s, and thus 

< > L) < P(g(., t)^) + F{Bt > L, G{s, t)) < I + ^^^^'^^"'^^^ < e, 
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Noticing that the trajectories of (Bt) are right continuous with left hmits, we can increase L 
if necessary so that this inequality also holds for t < s, completing the proof. I 

Proof of Theorem \1.2[ We separately show that {pt A 0) and {pt V 0) are tight. We start 
with the first. Given L > 0, for the event {pt > L} to occur, there necessarily exist two sites 
x,y such that y — x > L and r]^ < < rjf. li N < L and {Bt < N} also occurs, then we 
cannot have more than sites z G (x, y) such that 7]^ ^ ^ 0, because every such site produces 
a crossing either with x or with y and thus increases Bt by one. So we have, for all t >0, 

¥{Bt <N,pt> L)< ^( > > r?f , f (^•^'^^^ < t for some A C (x, y), #A < N ) 

x<y,y—x>L 

-Yl Yl 5^IP(??f>0> Vt^', f (^■^■+^)\(^'+^) < oo) . 

z>L Ac{0,z):#A<N xGZ 

Using Lemma 15.31 on the innermost sum and counting the possible choices of A, the above is 
less than 

z>L 

which tends to as L — t- oo. So, given e > 0, choose > such that ¥{Bt > N) < e/2 Vt, 
then choose L such that F{Bt < N,pt> L) < e/2 Vt, so that ¥{pt > L) < F{Bt > N) +F{Bt < 
N, Pt > L) < e Vt, and we are done. 

Now we treat {pt V 0). This is easier: given L > 0, for {pt < —L} to occur we must have 
X < y such that r]f < < T]t and ijft = Vw G (x, y). Then, for any t, 

npt <-L)< Yl ^( ^ < ^i^' ^^^''^^ < * ) 

x<y,y—x>L 

z>L xeZ z>L 

which tends to zero as L — )• oo. I 



+ 



+ 



z 

iV- 1 



^-c{z~N) 



6 Estimate for a perturbed random walk 

In what follows, tt and {j^z)z&L are probability distributions on Z. We assume: 

vr is symmetric (i.e. 7r(— x) = 7r(x) Vx); (6-1) 

7r(x),7r^(x) > for all x G Z, z G Z - {0}; (6.2) 

There exist f,F>0 such that 7r(x), 7r^(x) < Fe'^^''^ for all x G Z, z G Z; (6.3) 

There exist g,G > such that Hvr^ - ttHtv < Ge'^l'^l for ah z G Z. (6.4) 

Given x G Z, let P^^ be a probability under which a process (X„) is a Markov chain with 
transitions P{z, w) = tTz{w — z) and '¥x{Xq = x) = 1. Define Hq = inf{n > : X„ = 0}. 

Theorem 6.1 There exists C > such that, for x G Z, 

¥^{H^ >N)< 



N 
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The proof of Theorem 16.11 will be carried out in a series of results. Fix L > such that 
< 1 and let / = [-L,L]. Put = Ge-^l^l for z e and = 1 for z E I. A 
consequence of ()6.4p is that, for all z G Z, there exist probabilities gz,bl,b1 on Z such that 



(Of course, if z G / we must have bl = TTz,b1 = n). 

We will construct the process (X„) coupled with other processes of interest. Let (X„, Z„) 
be a Markov chain on Z x {0, 1} with transitions 



We write P^; to represent any probability for this chain with Xq = x, regardless of the law of 
Zq. This abuse of notation is justified by the fact that Zq has no influence on the distribution 
of the other variables of the chain, and neither on the random variables to be defined below. 
Let {J-n) be the natural filtration of the chain, and T = inf{n > 1 : Z„ = 1}. 

Let {^z)zez be random variables defined on the same probability space as the chain above, 

independent of the chain and with laws = b^. Additionally, let {^n)n>o be a random walk 
with increment law vr, initial state 0, also defined on the same space as the previous variables 
and independent of them. For n > 0, define 



We can use ()6.5p and (|6.6p to check that under P^,, (X„) is a Markov chain with transitions 
P(z, w) = 7Tz{w — z) and initial state x, and (Yn) is a random walk with increment distribution 
TT and initial state x. They satisfy Xn = Yn on {T < n}. 

Finally, we define some more stopping times. Let Hq = inf{n > : Yn = 0},Hj = 
inf{n > : Xn G I},tq = 0, ti = T A Hf and Tk+i = + ti o 8^^ for k > 1, where 6t denotes 
the shift operation 6t{{Xn, Zn)n>o) = {^t+n-, Zt+n)n>Q- Note that < Hj for all k and, if 
Tfc = Hi and m > k, then = Hj. Also, ri < , because if 1^ = for some n, then either 
Xn = 0, in which case ri < Hi < Hq < n, or Xn ^ 0, in which case ti < T < n. 

We will need the following standard facts about random walk on Z: 

Lemma 6.2 (i.) ¥,^{H^ > N) < ^ for some C > and all x G Z; 
{ii.) E^(#{n < Hq : Yn = y}) < C\y\ for some C > and all x,y G Z. 

Proof (i) is in [16J: see P4 in Section 32 and Section 29. For (ii), we have Kx{i^{n < Hq : 
Yn = y}) < Ej,(#{n < H^ : Yn = y}) = Fy{H^ < H^+)-\ where H^+ = inf{n > 1 : y„ = y}, 
so it suffices to show that ¥y{HQ < Hy^) > c/y for some c > and all y G Z. This can 
be done using Thomson's Principle for electric networks (see for example [11], Theorem 9.10 
and Section 21.2 for the infinite network case): if y > 0, take the unit fiow 6{zilj) = 1 if 
z G {1, . . . , 2/}, If = z — 1 and 9{zitj) = otherwise, and similarly if y < 0. I 

Lemma 6.3 There exist constants c, C > such that ¥x{\Xti\ > '"jT"! < c«,ti < Hj} < 
Ce-"^ for allxeZ,r> 0. 



T^z = e-zbz + (1 - ez)gz\ 
vr = e-zbl + (1 - ez)gz- 



(6.5) 
(6.6) 




(6.7) 




(6.8) 
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Proof. If X £ I, then ti = Hj = and the stated inequahty is trivial. If x ^ /, 
F^{\Xr, \ > r,Ti < oo,Ti < Hi) = 

oo 

Yl ^-(^0' ■■■,Xner,Xn = z,Zo = --- = Zn = 0, = 1, > r) 



n=0 2e/= 
oo 



^ Y ^x{Yo, . . . ,y„ G r,y„ = z,Zo = • • • = z„ = 0) • p,(Zi = i, > r) < 

n=0 2e/= 
oo 

J2 J2 ^-(^0' • • • ,5^n e ^^^n = ^) • • bl{w : > |r - z|} < 

n=0 2e/= 

inf{e,,7r,{w; : \w\ > \r - z|}}E,.(#{n < //q^ : = z}) < 
C J^|z|inf{Ge-^^l^l;Fe-^l^-^l} < Ce''^^ 



Corollary 6.4 (z.) ^ := sup^.g^IExd^nh''"! < oo,ri < i?/) < oo; 

{ii.) P^(ri = oo) = Vx G Z. 

Increasing L if necessary, 

(Hi.) a := inf^.gaP^(ri = Hi < oo) > 0; 

(to.) Px(rfc (l-^7)^• 

(?;.) F^{Hi = oo) = 0. 

Proof, (i.) is obtained by summing the two sides of the inequahty of Lemma 16.31 over r. For 
(ii.), since n < H^ , P^(ti > A^) < F^{H^ > N) 0. For (Hi.), note that 

P^.(ri = < oo) = 1 - P^.(ti = = oo) - P^(ti < oo, n < ///) 
= 1 - - P^(ri < oo, \Xr^ I > L) > 1 - Ce-'^-^, 

which can be made positive by increasing L. Now, if A; > 1, 

Px(Tfc < Hi) = E,(1|,^._^<^^|Px.^_^(ti < Hi)) < (1 - a)F,irk-i < Hi) 

by (Hi.), and continuing we get {iv.) Finally, note that 

oo 

P^(i77 = oo) < P^(i// = oo, Tfc < oo VA:) + ^ P^(i// = oo, Tfc = oo). 

k=l 

The first term is zero by (iv.) and, using (ii.), 

fc-i fe-i 

Fx{Tk = oo) = Y^^i^i < =00) = Y^^(^{n<oc}^X^S^l = oo)) = 0, 

i=0 i=0 

SO (v.) follows. I 
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Lemma 6.5 There exists C > such that, for all x & 1 

C\x\ 



Proof. 

oo 

W,{Hi > N) =¥,{Hi = oo) + ^P,(i// >N,Tk< Tk+i = Hi<(x>) 

k=0 



k=0 1=1 

We will show that, for k > and 1 < i < A; + 1 



oo /fe+i \ 
fc=0 \j=l / 

oo fc + l . ^ s 

z — n 1 ^ ' 



,(ri - r,_i > /, Tfc < i/,) < - ^)'"' (6.9) 



for some C > 0. So the above sum is less than 

oo fc+1 



EE^N\/^(i--)'"'^^''"' 



as required. To get (|6.9p . note that, ii i < k, by Corollary I6.4r it;.). 

F^in - Ti^i >l,Tk< Hi) = E,(l|,,_,^_^>i|Px,^(Tfc_i < Hi)) < (1 - a)^-' ¥,{Ti - r,_i > /), 

so for any i G {1, . . . , /c + 1}, 

P,(r, - r,_i >l,Tk< Hi) < (1 - a)^-' P,(r, - Ti_i > /). (6.10) 

Now, using Lemma 16.21 

P.(r. - r,_i > = E,(l|,^_^<^,^| ^x^^_Sn > I)) < l^A^{r,-,<Hr} ^x.,_,iH^ > 0) 

< (CM)E,(l|.^_,<j,,} |X.^_J). 

If i = 1, the above expectation is equal to |x|l|^.g/c}; if z > 1 it is equal to 

< AF^{Ti.2 < Hi) < A{1 - ay-^ 
by Corollarv 16.41 (i.) and (if.). So, for any i G {1, . . . , A; + 1}, 

Px{ri - r,_i > < ^^1^(1 - ^r'- (6-11) 

Putting together ([630l) and (fOTT) . we get dHj]). I 

From here to the proof of Theorem 16.11 it is a matter of reapplying the ideas that estab- 
lished Corollarv 16.41 and Lemma 16.51 so we simply sketch the main steps. 
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Define T' = mf{n > : {Xq, . . . n / / 0, {Xq, . . . , X„} n / 0}, Aq = 0, Ai = 
T' A Hq, Afc+i = Afc + Ai o 6lAfe for k>l. From we get 

,5 := inf P(x, 0) = inf 7r^(-x) > 0. (6.12) 

Two consequences are 

supP^(Ai > iV) < (6.13) 

and 

inf P^(Ai = < oo) > (5. (6.14) 
Now, ()6.13p and Lemma 16.51 together imply 

Vx G Z,P^(Ai = oo) = 0. (6.15) 

Also, ([6JI|) gives 

Vx G Z,P,(Afc < Fo) < (1 -5)L^/2J. (g^ig) 

this is justified by the fact that, if A^ < i^o, then at least \k/2\ times X„ must have left / 
without touching the origin. As in the proof of Corollarv 16.41 (v.). ()6.15p and ()6.16p are used 
to establish 

Vx,P^(Fo = oo) = 0. (6.17) 
The last ingredient is an analog of Corollarv 16.41 ii.). 

S:=supE,(|XaJ) = supE,(|XaJ;Ai <i/o) <oo, (6.18) 
x&i xei 

which follows from (|6.3p and the fact that / is finite. 
We can now write 

oo 

¥,{Ho >N)= ¥,{Ho = oo) + ^P,(Fo > iV, A^ < A^+i = Hq < oo) 

k=0 

and then, as in the preceeding proof, use ()6.15p . Lemma [631 ()6.13p . ()6.16p . and ()6.18p to show 
that the above sum is less than for some C > 0. 

To conclude, we mention the following result, for use in the proof of Lemma l5. II We omit 
its proof since it is simply a repetition of the above arguments. 

Lemma 6.6 Let ^^(-oo,o) = inf{n : X„ < 0}. Then, 

supEa,( I; F(_oo,o) < ^^0 ) < supE^. \Xh,^oA < oo. 

x>0 ' x>0 
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